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Abstract
We give an example of a permutation of integers which preserves all convergent Fourier series and makes
some divergent Fourier series converge.
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1. Introduction
The Fourier series of a function f ∈ C(S1) need not converge. The first example of such a
function, with divergent Fourier series at a point, was given by Du Bois-Reymond [1]. Subse-
quent examples, which more clearly showed the pattern behind this divergence phenomena, were
given by Fejér [3], Lebesgue [4], and A. Zygmund [9]. There is also a general result of Kahane
and Katznelson [5], which shows that such Fourier series may diverge on larger sets: if B ⊂ S1
is any set with Lebesgue measure 0, there exists gB ∈ C(S1) whose Fourier series diverges pre-
cisely on B .
There are also well-known positive results about the convergence behavior of the Fourier
series of f ∈ C(S1). One such result is Fejér’s theorem: if
Sn(f, x) =
n∑
k=−n
fˆ (k)eikx (1.1)
* Corresponding author.
E-mail addresses: mcneal@math.ohio-state.edu (J.D. McNeal), yunus@math.ohio-state.edu (Y.E. Zeytuncu).
1 Research of the author was partially supported by an NSF grant.0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.11.062
J.D. McNeal, Y.E. Zeytuncu / J. Math. Anal. Appl. 323 (2006) 1348–1353 1349denotes the nth symmetric partial sum of the Fourier series of f ∈ C(S1), and
AN(f,x) = 1
N + 1
N∑
k=0
Sk(f, x) (1.2)
denotes the arithmetic means of the partial sums, then AN(f,x) → f (x), as N → ∞, for all
x ∈ [−π,π]. Another positive result follows from the deep L2 result of Carleson [2]: Sn(f, x)
itself converges to f (x), as N → ∞, for almost every x ∈ [−π,π]. Note that the result of Kahane
and Katznelson perfectly complements this theorem of Carleson.
In another direction, Ul’yanov [8] asked the following question: is it true that for any peri-
odic continuous function f on [−π,π], there is a rearrangement of its trigonometric Fourier
series which converges uniformly to f ? This is still open. There are some affirmative answers
to this question in the literature, for classes of functions f ; [6] is the latest of such results and
its bibliography contains references to other results. We point out that, in all these results, the
constructed rearrangement is examined only on the Fourier series of a single, given function;
the action of this rearrangement on the Fourier series of other functions is not considered. The
purpose of this note is to give a partial, affirmative answer to, and a different perspective on,
Ul’yanov’s question.
If σ :Z → Z is a bijective map, we denote by σ [−M,M] the ordered set corresponding to
{−M,−M + 1, . . . ,M − 1,M} under the map σ , and write
Sσ(M)(f, x) =
∑
k∈σ [−M,M]
fˆ (k)eikx,
where the sum is taken as k ranges through σ [−M,M] in the given order. Call a bijection
σ :Z → Z a Fourier convergence-preserving permutation if
whenever lim
n→∞Sn(f, x) exists, then limn→∞Sσ(n)(f, x) exists.
This notion makes sense when applied to the Fourier series of an arbitrary function f , but we
will only consider it applied to Fourier series of continuous functions in this paper.
Theorem 1.3. There exists a Fourier convergence-preserving permutation, σ , and a function
F ∈ C(S1) such that
(i) lim supn→∞ Sn(F,0) = ∞, but
(ii) limn→∞ Sσ(n)(F, x) exists for all x ∈ [−π,π].
For short, call the series given by
∑
n Sσ(n)(f, x) the F˜ourier series of f . Since the rearrange-
ment determined by σ causes more continuous functions to have convergent F˜ourier series than
ordinary Fourier series—all f ∈ C(S1) with convergent Fourier series plus (at least) F—this
rearrangement can be viewed as a smoothing operation on Fourier series. Thus, the passage from
Sn to Sσ(n) possesses a type of property in common with the averaging operation which passes
from Sn to An in (1.2). This feature, of course, is not shared by an arbitrary rearrangement of
a Fourier series: the rearrangement asked for in Ul’yanov’s original question could destroy the
convergence of a Fourier series associated to another f˜ ∈ C(S1).
The permutation σ in Theorem 1.3 is based on an observation in [7] on numerical series. We
define the function F in Theorem 1.3 in Section 2, based on a construction due to Fejér, and then
show that the rearrangement phenomena of [7] applies to the Fourier series of F in Section 3.
1350 J.D. McNeal, Y.E. Zeytuncu / J. Math. Anal. Appl. 323 (2006) 1348–13532. Fejér’s construction
We follow the development of Fejér’s idea given in [9, p. 298], but use complex notation.
Let αk = k−2 and Nk = 2k3 , for k ∈ N; the key properties of these numbers are
(a) ∑αk < ∞,
(b) Nk+1 > 3Nk if k  1,
(c) limk→∞ αk logNk = ∞.
For any N ∈ N, let
QN(x) = e2iNx
N∑
k =0, k=−N
eikx
k
.
The sum
∑N
k =0, k=−N e
ikx
k
is uniformly bounded on [−π,π], so the functions QN(x) are uni-
formly bounded on [−π,π]. Therefore, by (a) above, the sum
∞∑
k=1
αkQNk (x) = F(x) (2.1)
defines a continuous function on [−π,π]. We now show this function satisfies (i) of Theorem 1.3.
The symmetric partial sums of the Fourier series, (1.1), for the trigonometric polynomials QN
can be easily computed:
if M < N, SM(QN,x) = 0, (2.2)
if M > 3N, SM(QN,x) = ei2Nx
N∑
k =0, k=−N
eikx
k
, (2.3)
if N M  3N, SM(QN,x) =
M−2N∑
k=−N
ei(k+2N)x
k
. (2.4)
Notice that (2.4) implies, in particular, that
∣∣S2N(QN,0)∣∣=
∣∣∣∣∣
N∑
k=1
1
k
∣∣∣∣∣ logN. (2.5)
Condition (b) above says that the intervals (Nk,3Nk) and (Nk+1,Nk+1) are disjoint. Thus,
(2.2) and (2.3) show that, if L ∈ (Nk,3Nk),
SL(F,x) = αkSL(QNk , x) +O(1). (2.6)
It now follows from (2.5) and (2.6), and condition (c) above, that
∣∣S2Nl (F,0)∣∣ αl logNl +O(1) → ∞
as l → ∞. Thus the Fourier series of F diverges at 0.
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With Nk as in the previous section, consider the following permutation σ : inside each of the
blocks of integers [Nk,3Nk], σ maps
Nk,Nk + 1,Nk + 2,Nk + 3, . . . ,3Nk − 1,3Nk
to
Nk,3Nk,Nk + 1,3Nk − 1, . . . ,2Nk − 1,2Nk + 1,2Nk.
Define an analogous intertwining permutation on the blocks [−3Nk,−Nk]:
−3Nk,−3Nk + 1,−3Nk + 2,Nk + 3, . . . ,−Nk − 1,−Nk
maps to
−2Nk,−2Nk − 1,−2Nk + 1, . . . ,−3Nk,−Nk.
Outside the blocks
⋃
k[Nk,3Nk] ∪
⋃
k[−3Nk,−Nk], σ is defined to be the identity.
The special property of σ is: if
∑∞
n=−∞ κn is an arbitrary series, KN denotes its symmetric
partial sum and σ(KN) denotes the partial sum of the rearranged series, i.e.,
KN =
N∑
n=−N
κn and σ(KN) =
∑
n∈σ [−N,N ]
κn;
then for any N , σ(KN) can be written as a linear combination of at most three Kl’s. For example,
σ(K2) = K2,
σ (K3) = K2 + κ6 + κ−6 = K2 +K6 −K5,
σ (K4) = K3 + κ6 + κ−6 = K3 +K6 −K5,
σ (K5) = K4 +K6 −K5,
σ (K6) = K6
and so on. In general,
σ(Kn) = Kn (3.1)
if n is not in {Nk + 1, . . . ,3Nk − 1} and
σ(Kn) = Kp + (KNk+p −Kr ) (3.2)
if n is in {Nk + 1, . . . ,3Nk − 1} where p, r Nk .
By the Cauchy convergence criterion, this special property ensures the following: if the sum∑
κn is convergent, then so is the permuted sum
∑
κσ(n). Therefore this permutation σ is a
convergence-preserving permutation.
It remains to show that F has property (ii) of Theorem 1.3. First, consider (2.6) in more detail:
if L ∈ (Nk,3Nk),
SL(F,x) = αkSL(QNk , x) +
k−1∑
j=1
αj
( Nj∑
l=−N
eilx
l
)
(3.3)j
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N∑
k=−N
eikx = sin(N +
1
2 )
sin x2
< ∞,
independent of N . Applying Dirichlet’s convergence theorem for series to each of the terms∑Nj
l=−Nj
eilx
l
in (3.3), then noting (2.4) and applying Dirichlet’s test again to the term SL(QNk , x)
in (3.3), one gets that
lim
M→∞SM(F,x) exists, if x = 0.
The convergence-preserving property of σ then implies that limM→∞ Sσ(M)(F, x), for x = 0,
also.
If x = 0, on the other hand, the permutation σ tames the divergence of the Fourier series of F .
If L ∈ (Nk,3Nk), (2.2) implies
Sσ(L)(F,0) = Sσ(L)
(
k∑
l=1
αlQNl ,0
)
= SNk
(
k−1∑
l=1
αlQNl ,0
)
+ Sσ(L)(αkQNk ,0).
However, by (2.3),
SNk
(
k−1∑
l=1
αlQNl ,0
)
=
k−1∑
l=1
αl
(
Nl∑
j =0,j=−Nl
1
j
)
= 0.
Finally, the intertwining form of σ shows that
Sσ(L)(αkQNk ,0) = −
1
Nk
+ 1
Nk
− 1
Nk − 1 +
1
Nk − 1 − · · · +
1
L
=O
(
1
Nk
)
.
Thus we have that limM→∞ Sσ(M)(F,0). This completes the proof of Theorem 1.3.
4. Some remarks and questions
After obtaining a permutation which has the properties in Theorem 1.3, the following ques-
tions emerge:
(1) For some given functions g ∈ C(S1) (from a special class) we can find a permutation τ which
makes the Fourier series of f uniformly convergent by results in [6]. But what is the action
of τ on the Fourier series of other functions g˜ ∈ C(S1)? Does it respect all other Fourier
series or does there exist a Fourier series which τ destroys?
(2) After the permutation σ constructed in Section 3, another function f1 ∈ C(S1) can be con-
structed which has divergent Fourier series, at say 0, with respect to this ordering of its terms.
This can be done by imitating Fejér’s idea with respect to the ordering given by σ . One can
then find a new convergence-preserving permutation, σ1, which rearranges the Fourier series
of f1 into a convergent series; since σ1 is convergence-preserving, the original f also has a
convergent F˜ourier series with respect to σ1. Thus, for a finite number of functions f1, . . . , fd
of Fejér-like functions, we can find a convergence-preserving permutation σd such that all
the F˜ourier series of these functions, with respect to σd , are convergent. Is it possible to do
this for a countable collection of functions {fi}?
J.D. McNeal, Y.E. Zeytuncu / J. Math. Anal. Appl. 323 (2006) 1348–1353 1353(3) There is a natural order relation on the set of convergence-preserving permutations: σ < ρ
if all f ∈ C(S1) which have convergent F˜ourier series with respect to σ also have F˜ourier
series with respect to ρ. Is it possible to find a maximal element with respect to this partial
ordering? Note that Zorn’s lemma does not directly apply, since ascending chains do not
necessarily have an upper bound. But there may be sub-chains which are bounded.
These and similar questions give tractable research problems based on Ul’yanov’s original ques-
tion.
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